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Special Instructions/Useful Data

N Set of all natural numbers
Q Set of all rational numbers
R Set of all real numbers
pT Transpose of the matrix P
R" {(x1, %2, v, )T |x; €ERi=1,2,...,n}
g Derivative of a real valued function g
g" Second derivative of a real valued function g
P(A) Probability of an event A
iid. Independently and identically distributed
N(u,0%) Normal distribution with mean g and variance g2
Fnn F distribution with (m, n) degrees of freedom
t, Student’s t distribution with n degrees of freedom
X2 Central Chi-squared distribution with n degrees of freedom
o(x) Cumulative distribution function of N(0,1)
A€ Complement of a set A
E(X) Expectation of a random variable X
Var(X) Variance of a random variable X
Cov(X,Y) Covariance between random variables X and Y
r! Factorial of an integer r > 0, 0! = 1

®(0.25) = 0.5987, ®(0.5) = 0.6915,®(0.625) = 0.7341, ®(0.71) = 0.7612,

(1) = 0.8413,d(1.125) = 0.8697, &(1.5) = 0.9332, #(1.64) = 0.95,

®(2) = 0.9772
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SECTION - A
MULTIPLE CHOICE QUESTIONS (MCQ)
Q. 1-Q.10 carry one mark each.

\Q.l The imaginary parts of the eigenvalues of the matrix
3 2 5
P=12 -3 6
0 0 -3
are
(A)0,0,0 B)2,-2,0 © 1,-1,0 (D) 3,-3,0

Q2 Letu,veR*besuchthat u=(1 2 3 5T  and v=(5 3 2 1)7. Then the equation
uvTx = v has

(A) infinitely many solutions (B) no solution
(C) exactly one solution (D) exactly two solutions
Q3 GV

Letu, = (4—%) " ,n€Nandlet!=lim,_u,.

Which of the following statements is TRUE?
(A)!l =0and ¥, u, isconvergent
®B)l= i and Yn-;uU, isdivergent

)l = j}and {u,}ns1 is oscillatory

(D) I =1and X uy, is divergent

Q4  Let {a,}n»1 be a sequence defined as follows:

7an+11

,neN.
21

a, = 1 and Ans1 =

Which of the following statements is TRUE?

(A) {an}n=1 is an increasing sequence which diverges

. . . - 11
(B) {a,}n=1 is an increasing sequence with limy e a, = v
(©) {an}ns1 is a decreasing sequence which diverges

11

(D) {an}ns1 is a decreasing sequence with lim; o a, = ”
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Q.5

Q.6

Q.7

Q.8

Q9

Let X be a continuous random variable with the probability density function

0, ifx<0
3 .
Fx) = 9; Tf0<xsll
75 ifx>1
1
Then P (5 < X < 2) equals
15 11 7 . 3
A (B) © D3

Let X be a random variable with the moment generating function

1
My(t) = 2—16(5 + e‘)3, teR.

Then P(X > 1) equals

A5 (B)3; © 5 (D)

OIN

Let X be a discrete random variable with the probability mass function
p(x) = k(1 +[x))%, x=-2,-101,.2,

where k is a real constant. Then P(X = 0) equals

(A3 (B) 5 © 5 (D) -

Let the random variable X have uniform distribution on the interval (g , TZ—I) Then
P(cosX > sinX) is

()3 B); © 1 ) 1

Let {X,,},,»1 be a sequence of i.i.d. random variables having common probability density function

xe ™™, ifx=0
f@x) _{ 0, otherwise °

LetX, = %Z?ﬂXi, n=1,2,... Thenlim,_ P(X, = 2) equals

(A)0 (B); (©) % (D) 1
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Q.10

Let X1, X, X3 be a random sample from a distribution with the probability density function

1 x _
fxle) =] 3¢ % ifx>0 g5y,

0, otherwise

Which of the following estimators of 8 has the smallest variance for all 8 > 07?

(A) X +3X;+X3 (B) X1+X;+2X;3
S 4
X1+Xo+X3 X1+2X3+3X3
© == O) —7

Q. 11 - Q. 30 carry two marks each.

Q.11

Q.12

Q.13

Q.14

Player P; tosses 4 fair coins and player P, tosses a fair die independently of P;. The probability that
the number of heads observed is more than the number on the upper face of the die, equals

(A) = (B) ©) 5 D) %

Let X; and X, be i.i.d. continuous random variables with the probability density function

_(6x(1—x), 0<x<1
fx) = { 0, otherwise °

Using Chebyshev’s inequality, the lower bound of P (|X 1+ X, -1 < %) is
5 4 3 1
Az B) 3 © 3 D) 5

Let X;, X, X5 be i.i.d. discrete random variables with the probability mass function

p(k) = (—;—)H (%) k=1,23,..

LetY = X; + X, + X3. Then P(Y = 5) equals
8 2 25
(A3 (B)3 ©) 5 D) 2

Let X and Y be continuous random variables with the joint probability density function

ex(1—x), f0<x<y<1
0, otherwise

fy) =

where ¢ is a positive real constant. Then E(X) equals

! ®? o o
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Q.15

Q.16

Q.17

Q.18

Let X and Y be continuous random variables with the joint probability density function

_{x+y, f0<x<1,0<y<1
flay) = { 0, otherwise '
Then P (X +Y > %) equals
23 1 11 1
ONES ®)— © D) =

Let X1, X5, ..., X, Y1, Ya, ..., ¥y, e iiid. N(O, 1) random variables. Then

m 2
W = n(Ei=1X i)
m(z}gl y/'z)
has
(A) x2,,n distribution (B) t,, distribution
(C) Ep n distribution (D) F ,, distribution

Let {X,,}>1 be a sequence of i.i.d. random variables with the probability mass function

1 ifx =4
Z, IHx =
={ 3 .
f(X) ‘4‘:, ifx =8
0, otherwise

Let X, = % X, n=12,...If lim,,, P(m < X, < M) = 1, then possible values of m and
M are

(A)ym=21, M =31 B)m=32 M=41

Cym=42 M=57 Dym=61 M=71

Letx; = 1.1, x, = 0.5, x3 = 1.4, x, = 1.2 be the observed values of a random sample of size
four from a distribution with the probability density function

0-x :
e ifx>6
= ’ = , 8 € (—o0o,c0).
f(x16) { 0, otherwise (o0, )
Then the maximum likelihood estimate of 87 is
(A) 0.5 (B)0.25 ©) 1.21 (D) 1.44
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Q.19

Q.20

Q.21

Q.22

Q.23

Let x; =2, X, = 1, x3 = V5, x4 = V2 be the observed values of a random sample of size four
from a distribution with the probability density function

1
F(x|6) = 28 lf—GSxSH' 6>0.
0, otherwise

Then the method of moments estimate of 8 is

(A)1 (B)2 (€) 3 (D) 4

Let X;, X, be a random sample from an N (0, 8) distribution, where 6 > 0. Then the value of k, for

2 2
which the interval (O,X—‘-Eﬁ) is a 95% confidence interval for 8, equals

(A) - log,(0.95) (B)-210g,(0.95)  (C) _Ziloge(o,gs) (D) 2

Let X3, X, X3, X4 be a random sample from N (6,,0?) distribution and Yy, Y,, Y3, Y, be a random
sample from N(8,,a?) distribution, where 6,,8, € (=, ) and ¢ > 0. Further suppose that the
two random samples are independent. For testing the null hypothesis Hy:6, = 6, against the
alternative hypothesis H;:8; > 8,, suppose that a test ¥ rejects Hp if and only if

f1X; > X%, Y. The power of the test i at 6, = 1 + V2, 8, =1andc? =4is
(A) 0.5987 (B) 0.7341 (C) 0.7612 (D) 0.8413

Let X be a random variable having a probability density function f € {fo, f;}, where

1, ifosx<1
fox) = { 0, otherwise

and

1
0, otherwise

For testing the null hypothesis Hy: f = f, against Hy: f = f;, based on a single observation on X,
the power of the most powerful test of size @ = 0.05 equals

(A) 0.425 (B) 0.525 (C) 0.625 (D) 0.725
If

| 1 [ O yaxdy

y=0 Jx=y

1 a(x) 2 B(x)
= [ [ renwar + | [ reydyar,
x=0Jy=0 x=1Jy=0
then a(x) and B(x) are

Aa@x) =x, BE)=1+J1-(x-2)2 @Ba@@) =x, fx)=1- J1-(x—-2)?
©ax) =1+ J1-(x—-2)2 B(x)=x Oyax)=1-J1-(x-2)% p(x) =x
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Q.24 Let f:[0,1] » R be a function defined as

(0 = {t3 (1 + écos(loge t‘*)) if te (0,1]
0 if ¢ =0

Let F:[0,1] - R be defined as
x
F(x)= f f®dt.
0

Then F"(0) equals

(A)0 (B3 © -3 D) ;

Q.25 Consider the function
fO,y)=x3—y3—3x2+ 3y +7 ,x,y€R.
Then the local minimum (m) and the local maximum (M) of f are given by

A m=3 M=7 B) m=4, M=11
©m=7 M=11 D) m=3, M=11

Q.26 For ¢ € R, let the sequence {u, },-1 be defined by

(1+ 9"

n

NCE

Then the values of ¢ for which the series Y., u,, converges are

(A) log.6 < ¢ <loge9 (B) c<loge3
(C) log,9 < c <loge 12 (D) loge3 <c<logeb

Q.27 If for a suitable @ > 0,

I ( 1 1)
50 e2x—1 ax
exists and is equal to I (|| < ), then
(A)a=21=2 B a=21l=-;

1,-_ =11
(C)a—;,l— 2 (D)oz—z,l—2
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Q.28

Q.29

Q.30

Let

P—fl dx
0 v8—x2—x3.

Which of the following statements is TRUE?

(A) sin™? (2—‘1/5) <P< \/izsin‘1 (%) (B) %sin'1 (%) <P < sin™? G)
©) —\/%sin'1 (ﬁf) <P < sin! (ﬁi) (D) sin™! (%) <P < ‘/;sin‘1 (%)

Let Q, A, B be matrices of order n X n with real entries such that Q is orthogonal and A is invertible.
Then the eigenvalues of QT A™1BQ are always the same as those of

(A) AB (B) QTA™'B (C) A1BQT (D) BA™!

Let (x(t),y(t)), 1 £t <, be the curve defined by

tsinz J
— dz .
22

x(t) = f‘cosz dz and y(t) = f
1

z?2 1

Let L be the length of the arc of this curve from the origin to the point P on the curve at which the
tangent is perpendicular to the x-axis. Then L equals

(4)V2 (B) 75 ©1-2 (D) 3+V2

SECTION -B
MULTIPLE SELECT QUESTIONS (MSQ)

Q. 31 - Q. 40 carry two marks each.

Q.31

Let v € R* with vTv # 0. Let
P=1-2 vo!
N vy’

where I is the k X k identity matrix. Then which of the following statements is (are) TRUE?

(A) Pl=1-P (B) —1and 1 are eigenvalues of P
€ pPi=P D) (+Pw=v
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Q.32

Q.33

Q.34

Q.35

Let {@,}n>1 and {by},,>1 be sequences of real numbers such that {a,},»; is increasing and {by,}n>1
is decreasing. Under which of the following conditions, the sequence {a, + by}n»1 is always
convergent?

(A) {an}n=1 and {b,}», are bounded sequences
(B) {an}n»1 is bounded above
(C) {an}ns1 is bounded above and {b,, },», is bounded below

(D) a, » o and b, » —

Let £:[0,1] — [0,1] be defined as follows:
X, if xeQ@nl0,1]
2 c 1
. if x€Q¢n (1 1)
x 3 if xe@Q 3’

Which of the following statements is (are) TRUE?

(A) f is one-one and onto (B) f is not one-one but onto

(C) f is continuous on @ N [0,1] (D) f is discontinuous everywhere on [0,1]

Let f(x) be a nonnegative differentiable function on [a,b] © R such that f(a) =0 = f(b) and
|f'(x)| < 4. Let L, and L, be the straight lines given by the equations y = 4(x — a) and

y = —4(x — b), respectively. Then which of the following statements is (are) TRUE?

(A) The curve y = f(x) will always lie below the lines L; and L,

(B) The curve y = f(x) will always lie above the lines L; and L,
b
© | f; fFeydx | < (b - @)?

(D) The point of intersection of the lines L, and L, lie on the curve y = f(x)

Let E and F be two events with 0 < P(E) <1, 0 < P(F) <1 and P(E) + P(F) = 1. Which of
the following statements is (are) TRUE?

(A)P(ES) < P(F) (BYP(EUF) < P(ECUF®)
(C) P(E|F€) = P(F°|E) (D) P(E€|F) < P(FIE©)
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Q.36 The cumulative distribution function of a random variable X is given by
, if x <0

fo<x<1

0

4
F() =143

N .f 1 S < 2

3 i X

1, ifx>2
Which of the following statements is (are) TRUE?

(A) The random variable X takes positive probability only at two points
(B) P(1sxsz)=§

(©) EX) =3

(D) P(O< X < 1)=§

Q.37 Let Xy, X, be a random sample from a distribution with the probability mass function
1-6, ifx=0
fxlg)=4{ 8, ifx=1, 0<e<1
0, otherwise

Which of the following is (are) unbiased estimator(s) of 87

X1+X; X24X, X%+ x2 X1+Xy—-X?

A= (B) =5 © = D) —;

Q.38 Let Xy, X, X3 be a random sample from a distribution with the probability density function

1
— ,—x/8 ;
fxley =43¢ " x>0 459,
0, otherwise
If §(X1,X,,X3) is an unbiased estimator of &, which of the following CANNOT be attained as a
value of the variance of § at 8 = 1?

(A) 0.1 (B) 0.2 (©) 0.3 (D) 0.5

Q.39 Let X1,X5 ..., X, (n = 2) be a random sample from a distribution with the probability density
function

X %0 if x>0
f(x|6) =4 62 ’ , 6>0.

0, otherwise

LetX = %Z?le ;- Which of the following statistics is (are) sufficient but NOT complete?

(A) X (B)X? +3 (€©) (X1, 22 X)) (D) (X1, %)
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Q40 Let Xy, X, X3, X4 be a random sample from an N(6,1) distribution, where 8 € (—o0,0).
Suppose the null hypothesis Hy: 8 = 1 is to be tested against the hypothesis Hy: 0 < 1 at a = 0.05
level of significance. For what observed values of ¥ 1 X;, the uniformly most powerful test would
reject Hy?

A)-1 ®B)0 (C) 0.5 D)0.8

SECTION-C
NUMERICAL ANSWER TYPE (NAT)
Q. 41 — Q. 50 carry one mark each.

Q.41 Let the random variable X have uniform distribution on the interval (0, 1) and Y = —2log. X.
Then E(Y) equals

Q42 If Y =log,oX has N(u,¢?) distribution with moment generating function My(t) = PEACI

t € (—o, ), then P(X < 1000) equals

Q43 Let X;, Xz, X3, X4 X5 be independent random variables with X;~ N(200, 8), X,~ N(104,8),
X, 4%, X3 +Xy+Xs

X3~ N(108,15), X4~ N(120,15) and X5~ N(210,15). Let U = —— andV = =—
Then P(U > V) equals

Q.44 Let X and Y be discrete random variables with the joint probability mass function
1 .
p(x,y) :Eg(x2+y2), if x=12;y=0,1,2.

Then P(Y = 1| X = 1) equals

Q.45 Let X and Y be continuous random variables with the joint probability density function

8xy, 0<y<x<l1
0, otherwise

foy =|

Then 9Cov(X,Y) equals

Q46 LetX,, X5, X, Yy, Yo, Y3, ¥, be iid. N(t,0%) random variables. Let X =§ 3 . X; and

¥ = %Z?ﬂ Y, If k fl—; (_X_ N — has t, distribution, then (v — k) equals
JEL G R, - 7))
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QAT Let f: [0, g] - R be defined as
f(x) =ax+ fsinx,
where a,f € R. Let f have a local minimum at x = %with f (%) = —

Then 8vV2 a + 4 f equals

Q.48 The area bounded between two parabolasy = x> + 4andy = —x% + 6 is

Q49 Forj=1,2,..,5, let P; be the matrix of order 5 X 5 obtained by replacing the j** column of the

identity matrix of order 5x 5 with the column vector v= (5 4 3 2 1)T. Then the
determinant of the matrix product P; P, P3P, Ps is

Q.50 Let
18n + 3

= Gn-nfGnrnz’ "€V

Un

Then Y3 u, equals

Q. 51 - Q. 60 carry two marks each.

Q.51 Letaunitvectorv= (V1 vz V3)T be such that Av = 0 where

5 1 1
6 3 6
a= | L 11
3 3 3
1 1 5
6 3 6
Then the value of V6 (|v4] + |v5| + |v3]) equals
Q.52 Let
X
F(x) = J- et(t?-3t—-5)dt, x>0.
0

Then the number of roots of F(x) = 0 in the interval (0,4) is
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Q33 A tangent is drawn on the curve y = é\/&i , (x > 0) at the point P (1, -;—) which meets the x-axis
at Q. Then the length of the closed curve OQPO, where O is the origin, is

Q.54 The volume of the region
R={(x,y,2)€ R¥: x+y+2<3,y?<4x,0<x<1y=20,z2>0}

is

Q.55 Let X be a continuous random variable with the probability density function

x
§, if0<x<?2
k .
f(X)= g, if2<x<4
6—-x .
g if4a<x<6
0, otherwise.

where k is a real constant. Then P(1 < X < 5) equals

Q.56 Let Xy, X,, X3 be independent random variables with the common probability density function

_(2e7%, ifx>0
f&x) _{ 0, otherwise '

LetY = min {X;,X,, X3}, E(Y) = g, and Var(Y) = o5 Then P(Y > p, + 0y) equals

Q.57 Let X and Y be continuous random variables with the joint probability density function

1
—e X i <x, >
f(x,y) = 7€ if lyl<x, x>0
0, otherwise

Then E(X | Y = —1) equals

Q.58 Let X and Y be discrete random variables with P(Y € {0,1}) = 1,
3 1
3 7
P =1X=1)=7, PI¥=0X=0=g¢.

Then 3P(Y = 1) — P(Y = 0) equals
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~
Q.59
Let Xy, Xy, ..., X100 be ii.d. random variables with E(X;) = 0, E(X]) = 0%, where ¢ > 0. Let

S = Y190 x, If an approximate value of P(S < 30) is 0.9332, then o equals

Q.60 Let X be a random variable with the probability density function

AT
felrn &) =5 x" e, x>0,4>0,7>0.

If E(X) = 2 and Var(X) = 2, then P(X < 1) equals

END OF THE QUESTION PAPER
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Paper: MATHEMATICAL STATISTICS Code: MS
SECTION — A (MCQ) SECTION - B (MSQ) SECTION = C (NAT Type)

Q.No.| KEY | Q.No.| KEY | Q.No. KEYS Q. No. KEY RANGE Q. No. KEY RANGE
01 A 16 D 31 B,C 41 (2.0, 2.0) 56 (0.13,0.14)
02 B 17 D 32 A, C 42 (0.15, 0.16) 57 (2.0, 2.0)
03 D 18 B 33 A, D 43 (0.97, 0.98) 58 (0.12, 0.13)
04 D 19 C 34 A, C 44 (0.25, 0.25) 59 (4.0, 4.0)
05 A 20 B 35 A, C,D 45 (0.15 0.17) 60 (0.25, 0.27)
06 A 21 D 36 B,C 46 (3.0, 3.0)

07 C 22 B 37 A B,C 47 (4.0, 4.0)
08 D 23 B 38 A B,C 48 (2.6, 2.7)
09 A 24 A 39 C,D 49 (120.0, 120.0)
10 C 25 D 40 A, B,C 50 (0.25, 0.25)
11 C 26 B 51 (4.0, 4.0)
12 C 27 B 52 (0, 0)

13 B 28 A 53 (2.1, 2.2)
14 C 29 D 54 (2.1, 2.3)
15 A 30 C 55 (0.87, 0.88)
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