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N={1,2,...}.
AN
Z=A...,-2,-1,0,1,2,...}. AN
e Y
Q = the set of rational numbers. ,\\
R

R = the set of real numbers. o @

C N O

’\\ Q@\
R™ = the n-dimensional real space with the Euclidean topology. y\/ 3 <2§§
P-4 P4
C = the set of complex numbers. RN N
/, / /‘/ \ q)(l\
. . . . & P
C™ = the n-dimensional complex space with the Euclidean topolog/‘yﬁ & ; Q/O
X" A &
& SRR
; O
M, (R), M, (C) = the vector space of n x n real or ¢ ple&@%tricg:g,xrg\&éctively.
® & \ A

f', f" = the first and second derivatives of the function f, r pé’(’:t\i\@}y.

™ = the nth. derivative of the function f.

f o stands for the line integral over the curve C'.
I,, = the n X n identity matrix.

A~! = the inverse of an invettible matrix A.
S, = the permutation group on n symbols.

1= (1,0,0),7 = (0,1,0)and k = (0,0,1).

Zn“= the additive group of integers modulo 7.

arctan(z) denotes the unique § € (—m/2,7/2) such that tan 6 = .

All vector spaces are over the real or complex field, unless otherwise stated.
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SECTION - A
MULTIPLE CHOICE QUESTIONS (MCQ) I

Q. 1-Q. 10 carry one mark each. %

Q.1 Let 0 < a < 1 be a real number. The number of differentiable functions y : [0, 1,570, c0),
having continuous derivative on [0, 1] and satisfying o @

is & T
O 4
(A) exactly one. (B) exactly t&ybf S\ \;g,

& \(\c’
/"‘\‘ A

(C) finite but more than two. (D) 1nﬁ\mfé J

"
%,

Q.2 Let P : R — R be a continuous function such that P(z) >\Q for all z € R. Let y be a twice
differentiable function on R satisfying y”(z) + P(x)y'(x) — y(x) = 0 for all x € R. Suppose
that there exist two real numbers a, b (a < b) such that y(a) = y(b) = 0. Then

(A) y(x) =0forall x € [a,b]. (B) y(x) > 0 forall z € (a,b).
(©) y(x) < O0forall x € (a,b). (D) y(x) changes sign on (a, b).

Q.3 Let f : R — R be acontinuous function satisfying f(z) = f(z + 1) for all z € R. Then
(A) f is not necessarily bounded above.

(B) there exists a unique x¢ € R such that f(z¢ + 7) = f(z0).

there is no zy € R such that f(zo + 7) = f(xo).

(D) there exist infinitely many zy € R such that f(zo + 7) = f(z0).
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Q.4 Let f : R — R be a continuous function such that for all z € R,

1 f AN
/ f(xt)dt = 0. (%) Y
0 Y
’\ «
Then \
\1 \
(A) f must be identically 0 on the whole of R. \ Q?/

(B) there is an f satisfying () that is identically 0 on (0, 1) but not 1dentlcal<15\0 on the 3@%16

of R. \i;/ be
O \ (}

(C) there is an f satisfying (x) that takes both positive and negatlve values. Q}‘

(D) there is an f satisfying () that is 0 at infinitely many poLQts, but s notﬂﬁ%nﬂcally Zero.

v X
AW PR, ,\&
\ \\

Q.5 Let p and ¢ be positive real numbers. Let D, be
ie, D; = {(z,y) € R? : 22 4+ y* < t?}. Define

Iyt //D @ +a° 1y

(A) only if p > 1. (B) only if p = 1.

Then limy_,, I(p, ) is finite

©)onlyifp < 1. (D) for no value of p.

Q. 6 How many elements of the group Zs, have order 10?

(A) 10 (B)4 ©)5 (D)8
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Q.7 Foreveryn € N, let f,, : R — R be a function. From the given choices, pick the statement

that is the negation of AN

AV
“For every x € R and for every real number € > 0, there exists an integer N > 0 such thap
> | fnti(z)| < e for every integer p > 0.7 \f\

(A) Forevery x € R and for every real number € > 0, there does not exist any, méger N >§
such that Y7 | | fy1i(z)| < € for every integer p > 0. & ,\o)

(B) Forevery x € R and for every real number € > 0, there exists an 1ntéger N > %&ch that
> | fnyi(z)| > e for some integer p > 0. \ Q/\
0, O
(C) There exists z € R and there exists a real number € > 0 sucl(that for evg&’mteger N >0,
there exists an integer p > 0 for which the 1nequa11ty Z}\ L Nz(ﬁ&,g € holds.
O

(D) There exists x € R and there exists a real number 6 $0 sucl) tha.}ffor every integer N > (
and for every integer p > 0 the inequality » f N+Z xﬂ >»\}\holds

\\

Q. 8 Which one of the following subsets of R has a non-empty interior?
(A) The set of all irrational numbers in R.
(B) The set {a € R : sin(a) = 1}
(C) The set {b € R : 2% + bz + 1 = 0 has distinct roots}.

(D) The set of all rational numbers in R.

Q. 9 For an integer £ > 0, let P, denote the vector space of all real polynomials in one variable of
degree less'than orequal to k. Define a linear transformation 7" : P, — P by

Tf(x) = f"(x) +xf(z).
Which one of the following polynomials is not in the range of 7?7

(A) x + %2 B) z? + 2% +2 O z+a2°+2 D)z +1
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Q. 10 Letn > 1 be an integer. Consider the following two statements for an arbitrary n X n matrix

A with complex entries. AN
O\ V

I. If A¥ = I, for some integer k& > 1, then all the eigenvalues of A are k' roots of unitX.;; v

o\
II. If, for some integer k > 1, all the eigenvalues of A are k' roots of unity, then AX<T,,.

o~
Then . \\ \oﬁq’
(A) both I and IT are TRUE. (B) Iis TRUE but IT is FALS‘E\ (\Q‘b
{;,/./' (b
(C) Iis FALSE but II is TRUE. (D) neither I nor II is T\li\(ly}E C;be
y . y
S
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Q. 11 - Q. 30 carry two marks each.
N

Q. 11 Let M, (RR) be the real vector space of all n x n matrices with real entries, n > 2. ~ )

Let A € M,(R). Consider the subspace W of M, (R) spanned by {I,,, A, A% ...}. Then/;ﬁé
dimension of I over R is necessarily A~

\/
(A) oo. (B) n?. (O) n. (D) at mosty>~
S e
s \
& >°
™ ,81\0’
Q. 12 Let y be the solution of K N (;be
1 ;',',-:. Q
(1 2y (@) +9/(2) = (@) =0, 2 € G o0 o °
y0) =140 =0 v g
Then . NP 65\’{\
\NO »1;\\ O
(A) y is bounded on (0, 00). (B)y is boundedon (—1,0].
e \)
(C) y(z) > 2o0n (—1,00). (D) y attainsdts minimum at x = 0.

Q. 13 Consider the surface S = {(z,y,zy) € R3: 22 + 42 < 1}. Let F = yi + x] + k. If 1 is the
continuous unit normal field to the surface S with positive z-component, then

// F-ndS
S
equals

A) 7 (B) - (©) . (D) 2.

Which one of the following statements is true?
(A) Both I and II are TRUE. (B) I'is TRUE but IT is FALSE.
(C) II'is TRUE but I is FALSE. (D) Neither I nor II is TRUE.
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Q. 15 Let f : N — N be a bijective map such that

AN\

— f(n) QY

Z g < oo SV

n=1 ?\/
The number of such bijective maps is 4 \\
(A) exactly one. (B) zero. \\\ \08/
(C) finite but more than one. (D) infinite. Y\ &\Q‘b

efb
Q. 16 Define
S = lim (1 - =
n—oo

Then
(A)S=1/2. (B) S =1/4.

Q.17 Let f : R — R be an infinitely differentiable function such that for all a,b € R with a < b,
f) — fla) _ f(a_+b)
baa 2
Then
(A) f must be a polynomial of degree less than or equal to 2.
(B) f must be a polynomial of degree greater than 2.
(C) f is not a polynoemial.

(D) f must be a linear polynomial.
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Q. 18 Consider the function

i) 1 ifz e (R\Q)uU{0}, QY
— 5 ife=12neZ\ {0}, p€ Nand ged(n,p) = 1. ¥
,\ .
AN
Then 7
(A)allz € Q\ {0} are strict local minima for f. , \\ \0{2’
&0
(B) f is continuous at all z € Q. NS {\Q@
<7 >
(C) f is not continuous at all z € R\ Q. 2 N (;éb
S o
(D) f is not continuous at = = 0. . & ‘bé'\z\
/\/\ S &
O P
Q. 19 Consider the family of curves 2> — y? = ky with para,(neter e ,@0 The equation of the

(13 is g@%n@

(A) 23 + 3zy* = 4. (B) z54 Exy &%
$

(©) y? + 22%y = 3. (D) 23 + 22y% = 3.

orthogonal trajectory to this family passing throu

Q. 20 Which one of the following statements is true?
(A) Exactly half of the elements in any even order subgroup of S; must be even permutations.
(B) Any abelian subgroup of Sj is trivial.
(C) There exists a.eyclic subgroup of S5 of order 6.

(D) There exists a normal subgroup of S5 of index 7.

Q.21 Let f :]0,1] = [0, c0) be a continuous function such that

(f(t))2 < 1+2/tf(s) ds, forall t € [0, 1].

Then
(A).f(t) <1+ tforallt € [0,1]. (B) f(t) > 1+ tforallt € [0, 1].
(C) f(t) =1+ tforallt € [0,1]. (D) f(t) <1+ £ forallt e [0,1].
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. . . . . X1 X2
Q. 22 Let A be an n x n invertible matrix and C' be an n X n nilpotent matrix. If X =
Xo1 Xo j\
is a 2n x 2n matrix (each X;; being n x n) that commutes with the 2n x 2n matrix B ;~»—'—\.\;/
ol %
A 0 e
, then o>
A\ '/-:>"/
P e
. . cO &
(A) X171 and Xy, are necessarily zero matrices. /\\ %&
Y O
(B) X5 and X5, are necessarily zero matrices. \ 4 Q){b\
<
(C) X1 and X5 are necessarily zero matrices. \ (\(’
. O & N\
(D) X152 and Xy, are necessarily zero matrices. \\ R\ \C:)('
Q.23 Let D C R? be defined by D = R\ {(z,0) : ¢ € R} cOgside\gé‘ie function f : D — R
? o
defined b LS I N
eined by SO
Fla,y) = 2sin &
Y
Then

(A) f is a discontinuous function on D.

(B) fisacontinuous function on D and cannot be extended continuously to any point outside
D.

(C) fis acontinuous function on D and can be extended continuously to D U {(0,0)}.

(D) f is a continuous function on D and can be extended continuously to the whole of R?.

Q. 24 Which one of the following statements is true?
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Q. 25 Let y be a twice differentiable function on R satisfying

AN
y'(x)=2+¢e" zeR, LY
eV
y(0) = —1, y(0) =0, &
\/
Then \ >
B &
(A) y = 0 has exactly one root. \\ ‘b\o
(B) y = 0 has exactly two roots. /\ 3 *C.\Q
N Q°
(C) y = 0 has more than two roots. N ,\(,Q'
"/ L oS
(D) there exists an zp € R such that y(zo) > y(z) forallz € R. - &7+~ CQO\Q/
&S
Y 3 \\ &QI
Q.26 Let f : [0,1] — [0, 1] be a non-constant continuous fungt\i‘én"sucil}‘ tliéé(?‘o f = f. Define
E;={z€[0,1]: : 1&«&
O
Then
(A) E is neither open nor closed. (B) Ey is an interval.
(C) Ey is empty. (D) E¢ need not be an interval.

Q. 27 Let g be an element of \S7 such that g commutes with the element (2, 6,4, 3). The number of
such g is

(A) 6. (B) 4. (C) 24. (D) 48.

Q. 28 Let G be a finite abelian group of odd order. Consider the following two statements:

emap f : G — G defined by f(g) = ¢* is a group isomorphism.
II. The product [[ ., g = e.

(A)Both I and II are TRUE. (B) I1is TRUE but II is FALSE.
(C) I is TRUE but I is FALSE. (D) Neither I nor II is TRUE.
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Q.29 Letn > 2 be an integer. Let A : C* — C" be the linear transformation defined by

Ay
A('Zla Ry e JZTL) - (va 21,22y .- 7ZTL*1>‘ ,~/\\,/
o V
Which one of the following statements is true for every n > 27 \\
>
(A) A is nilpotent. (B) All eigenvalues of A are of mohulus 1. ‘b\é
(C) Every eigenvalue of A is either 0 or 1. (D) A is singular. y,\ Q%

Q. 30 Consider the two series

o0

1
1. Z W and

n=1

Which one of the following holds?

(A) Both I and II converge. (B) Both I and II diverge.

(C) I converges and II diverges. (D) I diverges and II converges.
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SECTION - B
MULTIPLE SELECT QUESTIONS (MSQ) AN
ANV
Q. 31 - Q. 40 carry two marks each. ,\gq; 4
Q.31 Let f : R — R be a function with the property that for every y € R, the value of the expression
9 &
¢ N Q
sup |zy — f(x >
IGR[ ( )] &t\ "\%
- & &
is finite. Define ¢g(y) = sup,cp [y — f(x)] for y € R. Then \ &
O O
) cp o L @) \\
(A) gisevenif f iseven. (B) f must satisfy. hm $*o0.
g / f g S _C”éi\
(C) g is odd if f is even. (D) f must’satlsfy hm\*ﬂ D = —00.
NG STl
P \\
"'g}@
A\
Q. 32 Consider the equation
22021 4 22020 18 L o D
Then
(A) all real roots are positive. (B) exactly one real root is positive.
(C) exactly one real root is negative. (D) no real root is positive.

Q.33 Let D =R?\ {(0,0)}. Consider the two functions u,v : D — R defined by

u(z,y) = 2% —y* and v(z, y) = zy.

onsider the gradients Vu and Vv of the functions u and v, respectively. Then

and Vv are parallel at each point (z,y) of D.

(B) Vu and Vv are perpendicular at each point (z,y) of D.
(C).Vu and Vv do not exist at some points (z,y) of D.
(D) Vu and Vv at each point (z,y) of D span R,
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Q. 34 Consider the two functions f(x,y) = = + y and g(z,y) = xy — 16 defined on R% Then

(A) the function f has no global extreme value subject to the condition g = 0. QY
(B) the function f attains global extreme values at (4, 4) and (—4, —4) subject to the conggtiofl/
g = 0. \’ y

P
(C) the function g has no global extreme value subject to the condition f = 0. &
NS O
(D) the function g has a global extreme value at (0, 0) subject to the conditigﬁﬁ" =0. Q&
S O
o Q°
X &
Q.35 Let f : (a,b) — R be a differentiable function on (a,b). Which ef‘the followi S statements
is/are true’ 'L\\ i (;\
< & O
(A) f' > 0in (a,b) implies that f is increasing in (a,b) . <7 ;&0
& &8

(B) f is increasing in (a,b) implies that f' > 0 in a,\l}) N2 (\\\

all z € (xg, 0+ 9).

(D) If f'(x¢) > 0 for some ¢ € (a,b), then f is increasing in a neighbourhood of z.

Q. 36 Let GG be a finite group of order 28. Assume that G contains a subgroup of order 7. Which of
the following statements is/are true?

(A) G contains a unique subgroup of order 7.
(B) G contains a-normal subgroup of order 7.
(C) G contains.no normal subgroup of order 7.

(D) G contains at least two subgroups of order 7.

(B) The set {x e R: 3 — 1 > 0}.
(C)Theset{r € R: 2® +x+ 1> 0}. (D) The set {z € R: 2% — 2z +1 > 0}.
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Q.38

Q.39

Q. 40

Consider the four functions from R to R:
fil) =2 +32° + To + 1, fo(x) =2 + 32% + 42, f3(x) = arctan(z) \/

and 3

x ifz ¢Z, <D
fg) =4 © e
0 ifzx€Z. R~ oA

Which of the following subsets of R are open? O™ h ,\&
(A) The range of f;. (B) The range of fs. {

(C) The range of f3. (D) The range of f5 : &N

D
/\” \\ ; \,Q,

N\ \\>

\
Let V' be a finite dimensional vector space and W DXY V\Be a\Q{?lear transformation. Let

R(T) denote the range of T" and N (T') denote the ull spac ‘&) eV :Tv=0}of T. If
rank(7) = rank(7?), then which of the following is/are nece8sarily true?

(A) N(T) = N(T?). (B) R(T) =R(T?).
O N(T)NR(T) = {0}. (D) N(T') = {0}.

Let m > 1 and n > 1 bedntegers. Let A be an m x n matrix such that for some m x 1 matrix
b1, the equation Ax = by has infinitely many solutions. Let b, denote an m x 1 matrix different
from b;. Then Ax.= b, has

(A) infinitely many solutions for some bs. (B) a unique solution for some b,.

(C) no solution for some b,. (D) finitely many solutions for some bs.

MA
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SECTION - C
NUMERICAL ANSWER TYPE (NAT) AN
ANV
Q. 41 - Q. 50 carry one mark each. N3
Q. 41 The number of cycles of length 4 in S is \\
Q. 42 The value of ’\\ {\%‘b
1 o "
n <7 >
lim (3" +5" +7") & <2>
n—00 o\ ,\(/Ql
is e P

Q.43 Let B = {(x,y,2) e R®: 22 +¢y2 + 22 < 1}anddeﬁneu£ﬁ:, L 2) & i
for (z,y, z) € B. Then the value of E N

MG 5

is

Q. 44 Consider the subset S = {(z,y) : 2% + y? > 0} of R2. Let

Y Xz
P(z,y) = ot and Q(z,y) = RN

for (z,y) € S. If C denotes the unit circle traversed in the counter-clockwise direction, then
the value of

1
= /C (Pdz + Qdy)

Q. 45 sider theset A = {a € R : 2* = a(a+1)(a+2) has a real root }. The number of connected

compounents of A is

Q. 46/ Let V. be the real vector space of all continuous functions f : [0, 2] — R such that the restriction
of f to the interval [0, 1] is a polynomial of degree less than or equal to 2, the restriction of f
to the interval [1, 2] is a polynomial of degree less than or equal to 3 and f(0) = 0. Then the
dimension of V isequalto
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Q. 47 The number of group homomorphisms from the group Z, to the group Ss is

AN
Q.48 Lety : (35,3) — R be a differentiable function satisfying ¥
")\‘".v/
d 9 Y
(—2) 2+ (2 +y)=0, e (—,3), adyl)=1. O
dx 10 AN &
\\ \0‘
Then y(2) equals . 3 {&‘b

o °

Q.49 Let F = (y+ 1)e¥ cos(x)i 4 (y + 2)e¥ sin(x)] be a vector field in RQ and & begge%ntinuously
differentiable path with the starting point (0, 1) and the end pm\n& O) "Fha;,p‘::>

\ e
y . &
Y & .S
/ Fodi QO 78
c ¢ 5

equals

Q. 50 The value of

is

MA 15717



@ find my college

JAM 2021 MATHEMATICS - MA

Q. 51 - Q. 60 carry two marks each.

AN
Q. 51 The number of elements of order two in the group S, is equal to . ADY
;/
Q. 52 The least possible value of %, accurate up to two decimal places, for which the, féﬂéwing
problem ’\\‘l N\
«O O
y"(t) + 2y (t) + ky(t) = 0,t € R, RN Q;é(\
y(0) =0,y(1) =0,y(1/2) =1, &K \06
o &
has a solution is . ;S
&

xR N

4 SIS
Q. 53 Consider those continuous functions f : R — R that the\the p{()p(%(,l\t%} that given any x € R,
»/’\.v/ ,;,;\\ \

f(x) € Qif and only if f(z 1§€\@\?<\Q
Y

The number of such functions is

Q. 54 The largest positive number a such that

/05 f(z)dz + /03 fH(z)dr > a

for every strictly increasing surjective continuous function f : [0, c0) — [0, 00) is

Q. 55 Define the sequence

( n—2
1 .
o Z 2% ifn > 0 is even,
=0
Sy, =
1 n—1
o 227 ifn > 0is odd.
\ Jj=0

Define 7,, = — Z $pn. The number of limit points of the sequence {0, } is .
m

n=1

MA 16 /17
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Q. 56 The determinant of the matrix

2021 2020 2020 2020 &>
2021 2021 2020 2020 Bl
2021 2021 2021 2020 sl
2021 2021 2021 2021 >
18 \ \\ 0&‘2’
Y
XY
Q. 57 The value of 4K o?jb
" i &>
! R
. .’,132 . (r/\ 28 \q}
nh—glo i e” sin(nz) dx \\ )

is

Q. 58 Let S be the surface defined by

Let F = —yi + (x — 1)} + 22k and / be the continuous unit normal field to the surface S with
positive z-component. Then the value of

%//S(Vxﬁ)-ﬁds

2 —1 s
Q.59 Let A= | 2 =1 .3 |. Then the largest eigenvalue of A is
ey’ -1
10 0 0
01 0 : .
Q.60 Let A = 00 —1 . Consider the linear map 7’4 from the real vector space M, (R)
00 0 -1
toitself defined by 74(X) = AX — X A, forall X € M,(R). The dimension of the range of
TA 1S

END OF THE QUESTION PAPER
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